Part II — Numerical methods for elliptic PDEs
MAT684 — Spring 2026 — Shukai Du

Topics:
e Finite difference method
e Finite element method

e Stability and error analysis

1 Finite difference methods

In this part, we investigate numerical methods for partial differential equations, with a focus
on elliptic PDEs. These equations describe the spatial distribution of fields in steady-state
systems. Typical examples include the temperature distribution in a room, the stress—strain
distribution in a solid structure such as a bridge, and the distribution of electric or magnetic
fields in a medium. In the next part, we will turn to numerical methods for time-dependent
systems. The concepts and techniques developed here will serve as a foundation.

1.1 Finite difference method in 1D

Let us begin by considering a simple model problem:

—Ogeu = [ in [0, L], (la)
u(0) = uy, u(L) = ur. (1b)

Here, u may represent, for instance, the (steady-state) temperature distribution along a thin
rod of length L, giving fixed boundary temperature of ug and uy,.
A finite difference method starts by partitioning the interval [0, L] into N subintervals:

O=xg<m1 < ---<zNy=1L,

where z; = ih and h = L/N.

The key idea of finite difference methods is to replace derivatives by linear combinations
of the function values at discrete points. For example, we approximate the first derivative
at the midpoints by

w(@iz1) — u(w;)
h )
u(z;) — u(x;—)
h )

Opu(Tit1/2) =~

azu($i—1/2) ~

and hence

axu($i+1/2) - azU(Ii—lm)
h

u(Tiy1) — 2u(z;) + u(@i—1)
h? '

Q



The above approximation naturally leads to the following finite difference method for
computing a numerical solution to (1):

Uip1 — 2U; + Uiy

h2

= f(z;) fori=1,2,...,N—1. (2)

This is called the centered difference scheme. Since it couples the value at x; with its two
nearest neighbors, it is also referred to as the three-point central difference scheme.

Note that we have N + 1 unknowns but only N —1 equations. However, we already know
the boundary values

up = u(0), uny = u(L).

Therefore, we obtain a square system with N — 1 unknowns and N — 1 equations.

Example. Let us consider an example of (1). We interpret u(z) as the steady-state tem-
perature along a thin rod of length L = 1, with the endpoint temperatures fixed at

We assume a uniform internal heat source throughout the rod, modeled by a constant source

term
f(z) =10, x € [0,1].

e Code

clc; clear; close all;

% Parameters

L =1; % domain length
N = 100; % number of subintervals
h =L/ N;

x = linspace(0, L, N+1)’;

% Boundary conditions
uL = 1; % u(0)
uR = 2; % u(l)

% Constant forcing
f0 = 10;

% Assemble RHS (interior points)
f = £0 * ones(N-1, 1);

% Assemble tridiagonal matrix A
e = ones(N-1, 1);
(1/h"2) * spdiags([-e 2*e -e], -1:1, N-1, N-1);

=
]

% Incorporate boundary conditions into RHS
b =1
b(1) =b(1) +ul / h72;



b(end) = b(end) + uR / h~2;

% Solve linear system
u_inner = A \ b;

% Full solution including boundaries
u = zeros(N+1, 1);

u(1) = uL;
u(end) = uR;
u(2:end-1) = u_inner;
% Plot

figure;

plot(x, u, ’LineWidth’, 2);

xlabel(’x’);

ylabel Cu(x)’);

title(’Centered Difference Solution for -u_{xx} = f (Constant Forcing)’);
grid on;

e Results
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Local truncation error. It is possible to estimate the local truncation error of the finite
difference scheme in a fashion similar to what we did for time-stepping methods.

By replacing u; with the exact solution value u(z;), we define the local truncation error
as

LTE, :— Cu(wign) — 2“}52%) +u(@i1) ().




Using Taylor expansions of u(x;+1) about z;, we obtain

h? h? h*

w(@in) = ulz;) + h'(z;) + EU"(%) + gu(g) (@) + ﬁu(@ (&i+1),
h? h? h*

uli—r) = ulzy) — b () + () = Eu(g)(xi) + ﬁu(@ (&-1),

for some &1 € (x;,z,41) and &1 € (w1, 7).
Substituting into the finite difference expression, we find

_u(x,-H) —2u(x;) + ul(x;_q)

I = —u"(z;) + O(h?).

Since the exact solution satisfies —u"(z;) = f(z;), it follows that
LTE; = O(h?),
provided that u is sufficiently smooth (in particular, u € C*([0, L])).

Remark 1.1. A higher-order local truncation error can be achieved by using a wider stencil.
For example, consider

A1U;—2 + QoU;—1 + A3U; + AUyl + A5U2

h2

where a; (1t =1,...,5) are fized constants chosen to match the Taylor expansion to as high
an order as possible. This is known as the five-point central difference scheme.

Exercise. Determine the coefficients a4, ..., a5 so that the local truncation error has the
highest possible order. What is this order?

Global error. To obtain a global error estimate, we first establish a stability result for the
centered difference scheme (2). The following lemma mimics the classical Poincaré inequality,
which states that a function can be controlled by its derivatives under appropriate boundary
conditions.

Lemma 1.1 (Poincaré inequality in 1D). Suppose u € C([0, L]) satisfies u(0) = u(L) = 0.

Then
L L
/ u(z)?dr < C/ v/ (z)|? du,
0 0

where the constant C' depends only on L.

Lemma 1.2 (Discrete Poincaré inequality in 1D). Let {v;}Y, satisfy vo = vxy = 0 on a
uniform grid x; = ih with h = L/N. Then



Proof. Since vy = 0, for each : = 1,..., N — 1 we have the telescoping representation

i—1

E Vk+1 — Uk

k=0

By Cauchy—Schwarz inequality,

2
L

i—1 i—1 i—

v < (Z 12) <Z(Uk+1 - Uk)2> =iy (1 — ) < NY (vp1 —wp)

k=0 k=0
Summing over ¢ = 1,..., N — 1 gives
N-1 N-1 N—-1
vy <(N-1)N Z Vg1 — 0)2 S N?Y (g1 — op).
i=1 k=0 k=0
Multiplying by h and using N = L/h yields
N-1 N-1 72N N-1 o 2
k+1 — Uk
DTN USRS ST o =)
i=1 k=0 k=0 k=0
which proves the claim. O

Suppose v(0) = v(L) = 0. Recall the integration by parts formula:

/ o v(a)v(e) dr = / Cofa) 0! (@)

Let us replace 0,,v by the centered difference formula ”*1_2,1#, replace v'(z) by the

forward difference
discrete identity:

“#— and replace the integral by a summation. This motivates the

=z

-1

N-—
Vig1 — 20; + Vi Vig1 —
(_ h? ) Z ( )
=0

Lemma 1.3 (Discrete summation by parts). Let {v;}, satisfy vo = vy = 0. Then

i=1

N-1 N-1
Z _(Ui—H —2v; + Ui—l) vy = Z(Ui—i—l — ;).
i=1 i=0



Proof. Expanding the left-hand side and shifting indices,

N-1 N-1
2
E —(Uz'+1 — 2vu; + Uz’—l)Ui = E (2% — Vip1V; — Uz'—lvi)
i=1 =1
N-1 N-1 N-1
2
=2 E vy — E Vip1V; — E Vi—10;
i=1 i=1 i=1
N-1 N-1 N-2
2
=2 E Uy — g Vi1V — g Vi+1Y;
i=1 i=1 i=0
N-1 N-2

where in the last step we used vy = vy = 0 to drop the endpoint terms vivy and vyvN_71.
On the other hand,

=
L
=

(Vg1 — 1) = Z Ui2+1 — 20;10; + vf)

0
-1 N-1 N—-2
§ 2 E :
U + v, — 2 Vir1V;
i=1 i=1 i=1
N-1
=2 2—2
- v; Uz—va
1

1=

ﬁ.
[en]

%

=

1

again using vy = vy = 0. Comparing the two expressions yields the identity. O]

Theorem 1.1 (Second-order global error). Let u € C4([0, L]) solve (1), and let {u;}, be
the centered finite difference solution with ug = u(0) and uy = u(L). Define e; := u(x;) — u;.
If the local truncation error satisfies

u(x; — 2u(z;) + ulz;—
ol < Ct2, = ) 22D ) g

then there exists a constant C' > 0, independent of h, such that

Proof. Step 1: Error equation. Fori =1,... N —1

Y

Ciy1 — 2+ €1 e =0
- 2 = Ti, o =¢en =V

Equivalently,
— (41 — 26, + €i_1) = A’ (3)

Step 2: Discrete energy identity. Multiply (3) by e; and sum over i = 1,..., N — 1 to

obtain
N-1

Z _(€i+1 2e; +e;_ 1 = h? Z T;€4.

i=1



By Lemma 1.3 (applied to v; = e;), the left-hand side equals ) ; Bl(ei+1 — ¢;)?. Therefore,

N-1
Z €ir1 — = h? Z Ti€;. (4)
i=0

Step 3: Poincaré and Cauchy-Schwarz. By Cauchy—Schwarz,

N-1 N-1 N-1
B2 Z rie; < h2( Z 7'1.2) 1/2( Z e?) 1/2.
=1 i=1 )

1=

Using Lemma 1.2 (since ¢y = ey = 0), we obtain

N-—1 N-—1
( 612) 1/2 <Z eH—l >1/2.
i=1 =0

Combining with (4) and canceling the common factor (vaol (€ir1 — ei)Q)l/ ? Vields

1/2 1/2
(Z €it1 — ) < Lh( 7'3) (5)
1=0 i=1
Step 4: Conversion to l. Since ey = 0, for any 1,
i—1 N-1 N-1 1/2
lei| = ‘Z(ekz-i-l - ek)‘ < Z ekt —ex| < \/_<Z €kt+1 — €k) ) .
k=0 k=0 k=0
Therefore,
N-1 12
lellew < VN (D (e —e)?)
k=0

Using (5) and

N—1 1/2
()" < VNIl
=1
we obtain
N—-1

1/2
lellew < VN -LR( D" 72) " < VN - Lh- VN |7lles = (NB) L7 les = L2 7.

%
i=1

Finally, using ||7]|,, < C.h? yields

lelle. < L*C.h>.



1.2 Finite difference method in 2D

In this section, we shall consider the second-order elliptic equation (1) in higher dimension,
in which case things become more interesting. To be more specific, we consider the following
equation:

—(Ope + Opp)u=: —Au=f in Q:=10,L,] x[0,L,], (6a)
u=g on 0. (6b)

For instance, this model can describe the steady-state heat distribution on a thin plate,
where g represents the fixed temperature on the boundary and f represents internal heat
sources. It can also be used to model electrostatic potential, membrane displacement under
load, or steady diffusion processes.

Similar to the 1D case, we first partition the domain 2 using a uniform Cartesian grid:

x; =th,, 1=0,1,...,N,, y;j = jhy, j7=0,1,...,N,,

where h, = L, /N, and h, = L, /N, represent the mesh/grid sizes. We denote the numerical
approximation by
u; g~ u(T, Y)-
With the grid, we then approximate the Laplacian at an interior grid point (x;,y;) by
the following central difference scheme:

Uir1j — 25+ Uim1j | Uije1 — 2Ui5 + Ui 1
AU(SEZ,y]) ~ J h2] J + J ]’LQ] J .
T Yy
Namely, we simply replace 0 ,u(x;,y;) and dy,u(x;,y;) by the corresponding 1D three-point
stencil central difference scheme. Therefore, for interior nodes 1 <¢ < N, —land 1 <j <
N, — 1, we obtain the following discrete equations:

Uip1j — 25+ Uimry | Ui — 25+ Ui
_ ( w + 2 = fij- (7)

Remark 1.2. When h, = h, = h, we obtain the following classical five-point stencil central
difference scheme in 2D:

1
—Apu;; = 12 (duij — wiprj — Wim1j — Wige1 — Uig—1) = fij- (8)

We shall use this version for the rest of the discussion for simplicity in demonstrating the
main ideas.

On boundary nodes, the Dirichlet condition is imposed directly:
uij = g(xi,y;),  (zi,y;) € 0N

Thus, the total number of unknown variables is given by the interior nodesi =1,2,..., N,—1
and j =1,2,..., N, — 1, which matches the number of equations in (7) or (8).
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(0, Ny) (Nz, Ny)

(6] O (6] (6] (6]

interior
o o) e}

(0,0) (Na, 0)

Figure 1: ‘x’ denotes boundary nodes whose values are prescribed by the boundary data g.
‘o’ denotes interior unknowns to be solved from (8).

Example. Let us consider an example of (6). We choose L, = L, = 1. The source term
f is defined by

f(z,y) =200 (z > 0.35) (x < 0.45) (y > 0.65) (y < 0.75),

which mimics a localized heat source supported in the rectangular region (0.35,0.45) X
(0.65,0.75).

Source term

— 200
0.9 1180
08 1160

0.7 1140

06 120

=05 100
04 80
03 60
02 40

0.1 20

In addition, we impose Dirichlet boundary data such that g = 1 on the bottom and right
sides of 02, and g = 0 on the top and left sides. This mimics a contrast in the temperature
distribution along the boundary walls.

e Code



% 2D Poisson: -Delta u = f on [0,Lx]x[0,Ly], Dirichlet u=g on boundary

clear; clc; close all

% —-—-- parameters ---

Lx =1; Ly = 1;

Nx = 10; Ny = 10; % intervals -> nodes are (Nx+1)x(Ny+1)
hx = Lx/Nx; hy = Ly/Ny;

% --- data ---

f = 0(x,y) 200%(x>0.35).*(x<0.45) .*(y>0.65).*(y<0.75);

g = @(x,y) double((y==0) | (x==1));

% —-—— grid (ndgrid) ---

x = linspace(0,Lx,Nx+1);

y = linspace(0,Ly,Ny+1);

[X,Y] = ndgrid(x,y);

% —--- global indexing for ALL nodes (i=1..Nx+1, j=1..Ny+1) ---
idx = @(i,j) (J-1)*(Nx+1) + i; % i varies fastest

Ntot = (Nx+1)*(Ny+1);

A = spalloc(Ntot, Ntot, 5*Ntot);
b = zeros(Ntot,1);

% —-— assemble full system + mark Dirichlet DOFs on the fly ---
dir = false(Ntot,1);

for j = 1:Ny+1
for i = 1:Nx+1
k = idx(i,j);

isBoundary = (i==1) || (i==Nx+1) || (j==1) || (j==Ny+1);

if isBoundary
dir(k) = true; % mark Dirichlet DOF
b(k) g(X(1,3), Y(i,3));
else
A(k,k) = 2/hx"2 + 2/hy"2;
A(k, idx(i-1,j)) = -1/hx"2;

Ak, idx(i+1,j)) = -1/hx"2;
A(k, idx(i,j-1)) = -1/hy~2;
Ak, idx(i,j+1)) = -1/hy"2;

b(k) = £(X(1,j), Y({E,3));

end
end
end
% —--- free DOFs are the complement of Dirichlet DOFs ---
free = “dir;

u = zeros(Ntot,1);
u(dir) = b(dir); % u_dir = g on boundary

10



% —-—-- eliminate Dirichlet DOF ---
Aff = A(free, free);
A(free, dir);

=

&

Q.
Il

u(free) = Aff \ ( b(free) - Afd*u(dir) );

% —--- reshape back to grid and visualize ---
U = reshape(u, [Nx+1, Ny+1]);

surf (X,Y,U); shading interp; view([0,90])
title([’Solution: ’,num2str(Nx),’ by ’,num2str(Ny)]);
xlabel x; ylabel y;colorbar;

% --- visualize the source term —---
F=1fX,V;
figure;

surf(X,Y,F); shading interp; view([0,90])
title(’Source term’);

xlabel x; ylabel y;

colorbar;

o Results
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Solution: 10 by 10 Solution: 20 by 20

1 1 1
1.2

09 09 09

08 1 08 08

07 07 07
0.8

06 06 06

=05 06 =05 05

04 04 04

03 0.4 03 03

02 02 0.2
0.2

04 0.1 0

0 0 0 0
0 0.2 04 06 038 1 0 02 04 06 08 1

X X

. Solution: 40 by 40 ; ; Solution: 80 by 80 ;
0.9 0.9 0.9 0.9
038 0.8 0.8 0.8
07 0.7 0.7 0.7
06 0.6 0.6 0.6
>05 0.5 > 05 0.5
04 0.4 04 0.4
03 0.3 0.3 0.3
02 0.2 0.2 0.2
0.1 0.1 0.1 0.1

0 0 0 0

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X

Solution: 160 by 160 Solution: 320 by 320

1 1 1

1

09 0.9 09

0.9
08 0.8 0.8 o8
07 07 07 o7
06 06 06 08
=05 0.5 >05 05
04 0.4 04 04
03 03 03 03
02 0.2 02 02
01 0.1 0.1 0.1

0 0 0 0

0 0.2 0.4 08 08 1 0 0.2 04 06 08 1

X X

2 Finite element methods

In this section, we discuss finite element methods (FEM), one of the most important nu-
merical methods for solving partial differential equations (PDEs). FEM allows us to solve
PDEs on complicated geometries with theoretically guaranteed convergence under suitable
assumptions.

The derivation of the finite element method follows two key ideas:
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1. Divide and conquer. To handle complicated geometries, FEM first decomposes the
computational domain into a collection of simple geometric objects called elements
(e.g., intervals, triangles, tetrahedra). On each element, the solution is approximated
by a polynomial (or other basis functions with good computational properties), leading
to a piecewise-polynomial approximation over the whole domain.

2. Variational principle. For many important physical systems, the solution state can
be characterized as the minimizer (or stationary point) of a functional, often called
an action (or energy). Setting the first variation to zero yields the weak formulation,
which forms the basis for finite element discretizations. One advantage is that the weak
formulation typically requires only one order of derivatives to be well-defined, thereby
reducing the differentiability requirements on the basis functions.

2.1 Finite element in 1D

To illustrate the key ideas of finite element, let us again begin by considering the 1D case.
We then extend to higher dimensional case later. Let us consider the following second-order
ellpitic equations:

—0;(a(x) dyu(x)) = f(x) in [0, L], (9a)
u(0) =go,  u(Ll)=gr. (9b)
where a > ag > 0 is the coefficient for the equation. For instance, when (9) models the heat

distribution along a thin rod, a represents the heat conducting property of the rod.

Variational formulation. We first introduce the variational formulation of (9). This for-
mulation provides a fundamental viewpoint from which the PDE system (9) can be derived.

We begin by introducing the so-called action functional. For different physical systems,
the form of the action may vary. For the present second-order elliptic problem, the action is

defined by

1 L L
A(u) = 5/ a(x) [u'(z)]* dov — / f(x)u(z) de.
0 0
The solution is the function u that minimizes the action, subject to the boundary conditions:
u = argmin, A(u) subject to u(0) =gy, u(L)=gr. (10)

To characterize this minimizer, we compute the first variation of A. Suppose u is a
minimizer of (10). Consider a small perturbation du such that u + Ju satisfies the same
boundary conditions. Hence, du(0) = du(L) = 0. Then,

1

A(u+ ou) — A(u) = 5 /OL a(m)<|u' + 6u|? — |u’|2> dx — /OL f(z) du(x) dx

_ /0 " o) ) S () i — /O " o) bul) do+ /0 " a@)lou (@)
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The last term is quadratic in du’ and therefore small when du is small. Hence, the first
variation is given by

A (u)[0u] :/0 a(z)u'(z) ou'(x) d:v—/o f(z)du(zx)dx

(For a finite-dimensional vector u, this corresponds to the gradient: A’(u)[du] = V,A(u)-du.)
Since u is a minimizer, the first variation must vanish for all admissible perturbations
ou. Therefore,

/0 a(x)u (x) ou'(z) de = /0 f(z)du(z)dx  Vou with du(0) = du(L) = 0.

We can equivalently write

/0 a(z)u'(z)v'(z) de = /0 f(x)v(x)dx Vo with v(0) =v(L) = 0. (11)

The identity (11) is called the weak formulation of the problem, which serves as the starting
point for the finite element discretization.
Applying integration by parts to the left term of (11) gives

- [y = [ s

Since this holds for all v satisfying v(0) = v(L) = 0, we obtain the Euler-Lagrange equation

—(a(x)u'(x)) = f(z),  =€(0,L),

together with the boundary conditions u(0) = go and u(L) = gr. This is precisely the PDE
system (9).
Remark 2.1. The Hamiltonian system

_ 0H(q,p) ._ _OH(q,p)

op P dq

can also be deriwed from the principle of least action. One convenient route is:

1. Fiz the endpoints. Given q(0) = qo and q(T) = qr, we seek a trajectory q(t) connecting
these two positions.

2. Define the action. For any sufficiently smooth path q satisfying the endpoint con-
straints, define the action

Alg] = / L) de)dr,  Ll.d) = K@) - V(g),

where L 1s the Lagrangian, given here by kinetic energy minus potential energy.
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3. Euler-Lagrange equation. A stationary point of A (with fized endpoints) satisfies

d oL . oL .
%8—q(q,Q) — a—q(qm =0.

In particular, if L(q,q) = K(¢) — V(q) with K(¢) = m|¢|?, then

mg+ VV(q) =0,

which s Newton’s second law.

4. Legendre transform and Hamilton’s equations. Define the conjugate momentum

oL

pi= a—q.(q,Q)-

Assume this relation can be inverted so that the velocity can be written as

= v(q,p),
For instance, if L(q,v) = K(v) — V(q) with K(v) = 3m|v[?, then

_ 0L(q,v) _ P
- 61} = muv, S0 U(Q7p) - m'

Define the Hamiltonian (Legendre transform of L) by
H(q,p) :==p-v(q,p) — L(q,v(q,p)).

Then the Fuler—Lagrange equation is equivalent to Hamilton’s equations

=P =)
q_ap q,DP), p= g q,p)-

Piecewise-linear approximation. We now introduce the first finite element method in
this lecture. To illustrate the key idea and keep things simple, we begin with perhaps the
simplest finite element setting: a one-dimensional problem with piecewise linear functions.

Recall that, by the variational formulation, (9) can be rewritten as the weak problem
(11): find u satisfying the boundary conditions u(0) = go and u(L) = g1, such that

/0 a(z)u'(x) V' (z) de = /0 f(x)v(x)dx Vo with v(0) =v(L) = 0.

The finite element method begins by partitioning the interval [0, L] into N subintervals,
which we call elements:

N
[07L]:UEZ’ Ei:[xi_l,xi], O:I0<I1<"'<IN:L.
=1
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The collection of all elements is called a mesh and is denoted by
Th = {El}z]\il
Here h is the mesh size, defined as the maximum element length,

h:= max |x; — z;_1].
1<i<N

On each element FE;, we approximate functions by linear polynomials. In general, a
piecewise polynomial function may have discontinuous jumps across element interfaces. If
such jumps are present, then the derivative on [0, L] is no longer well-defined in the classical
sense. Therefore, we enforce continuity of the piecewise polynomial approximation across
the element interfaces, which leads to the following continuous piecewise-linear finite element
space:

V= {w e C([0,L]) : wlp, € Py(E;) fori=1,... ,N}.
We also define the affine subspace that enforces the boundary conditions:
Vig ={weV, : w0) =gy, w(Ll)=g}.

Similarly, we define the subspace with homogeneous boundary conditions:

Vio={weV, : w0)=0, w(l)=0}.

>
- — — — — — —

- — — —

- — — — — — — — — —

|
;
T To T3 L X

Figure 2: A 1D mesh 7, and a sample function w € V}, that is linear on each element and
continuous at mesh points.

The finite element method is then: find w;, € V} 4 such that
L L
/ a(z) uy () vy () dz —/ f@)vp(x)dx Vo, € Vip. (12)
0 0

Basis function and the linear algebraic system. The remaining task is to transform
(12) into a linear algebraic system so that we can solve it on a computer. To achieve this
goal, we first choose a set of basis functions for the finite element space V}. Let the mesh
points be 0 = xg < 1 < - -+ < xny = L and define the local mesh lengths

hiZ:JTi—l‘i_l, Zzl,,N
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We define the standard nodal (hat) basis {p;}~, C Vi by the interpolation property

pi(z;) =65  (0<1i,j<N), (13)
i.e., p; equals 1 at node x;, equals 0 at all other nodes, and is linear on each element.
More explicitly, for an interior node ¢t =1,..., N — 1,
e N |
#, T € 11,34,
_J Ty —x
pi(z) = e [T, Ti41],
hit1
0, otherwise,
and at the endpoints,
1T — & r — TN-1
h , T E [x07$1]7 h—, YIS [folwrN]?
po() = 1 on(z) = N
0, otherwise, 0, otherwise.
%0 Y1 P2
x x
0 Ey ! Ey ? Es

Figure 3: Nodal (hat) basis functions on the same 1D mesh. Each ¢; is piecewise linear,
equals 1 at node x;, and 0 at all other nodes.

With this basis, any u;, € V}, can be written uniquely as

up(r) = Zuz wi(z).

Moreover, by the interpolation property (13), namely, ¢;(z;) = §;;, we have

N N
uh(a:j):Zuigpi(xj):z:ui&j:uj, jIO,l,,N
=0 1=0

We now return to the finite element formulation (12). Write the unknown as
N
up(x) = Zuz i),
i=0
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and enforce the boundary conditions by setting
uy = up (o) = un(0) = go, uny = up(ry) = up(L) = gr.

Thus, the only unknown coefficients are u; for i = 1,2,..., N — 1. Next, we test (12) with
each basis function ¢; € V39, ie., for j =1,2,..., N — 1. This gives

/0 a(x) uy(v) ) (x) dx :/o f(z) ¢j(x)dz, j=1,2,...,N—1.

Substituting u, = Zfio u;p; and using linearity yields

ZU'L/ sz SOJ dﬂf—/ f (;0] ) ]:1,2,,N—1

Define the stiffness matrix A € RN=Dx(N+1) and load vector F € RN~! by

L L
Ay = / a(z) ¢i(x) @5(x) d, F; ::/ f(x) p;(z)de, 0<i<N, 1<j<N-1
0 0 14

Then the interior unknowns (uy, . .. ,uN_l)T satisfy the linear system

ZAjiui:Fj—qujo—uNAjN, j:1,2,...,N—1,

Since uy = go and uy = gp are known, this is a square linear system for the unknown
coefficients wuy, ..., uy_1.

Assembly of the stiffness matrix and load vector. Note that the support of the basis
function ¢; is
[an xl]a Z = 07
Supp(gpl) = [xi,1,$i+1], ] = 1,...,N— 1,
[xN,1,$N], i=N.
In particular, ¢; and ¢; overlap only when |i — j| < 1. Hence,

so the stiffness matrix is sparse; the sub-matrix for the interior unknowns (us, ..., uy_1) is
tridiagonal.

Moreover, since ¢p; is linear on each element, its derivative is constant on every element:
fori=1,...,N—1,

1
PR € i—1y 41/,
3 x € (xi_1, ;)
_ 1
pilz) =4 - ;T € (Ti, Tiga),
hi1
0, otherwise,
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and similarly for ¢} and ¢y on their single supporting elements.
Thus, each entry in (14) can be written as a sum of element contributions. Let E, :=
[xg_1, ) for £ =1,...,N. Then

A=Y [ a@ @@ @)de,  B=3 [ f@)e)de
(=1 £

=1 7 e

On a fixed element E, = [z,_1, 2], only the two local basis functions ¢,_; and ¢, are nonzero.
Therefore,

/ a(z) ¢i(z) () dr =0 unless i,j € {{ —1,(},
E,

and likewise
f(x)p;(z)dr =0 unless j € {¢ —1,¢}.
E,

Therefore, in implementation, we proceed as follows to assemble the stiffness matrix A and
load vector [

1. Initialize A =0 and F' = 0.
2. For{=1,2,...,N:
(a) For all (i,75) with 4,5 € {{ —1,¢},if 1 < j < N — 1, update

Ay = / o(z) ¢(z) @) () de.
¢
(b) Forall j € {¢—1,¢},if 1 <j <N —1, update
= | 1) g do.
Ey

To evaluate these element integrals numerically, we use a quadrature rule on each element.
For example, using the midpoint rule,

xy
/ g(r) dx ~ heg(w%w) : he =20 — x05.
Te—1

Alternatively, one may use a higher-order quadrature rule for higher accuracy. When a is
constant (or piecewise constant on each element), the midpoint rule is exact for the element
integrals in the stiffness matrix, since a(z) ¢}(r) () is constant on each element.

Example. We consider the boundary value problem (9):

—0,(a(z) Opu(z)) = f(x) in (0, L),
u(0) =go,  u(L) =gz

To test our finite element code, we prescribe an exact solution and a diffusion coefficient:

u(z) = z'/? (1 — %), a(x) =1+ % sin(27z).
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(If L = 1, this reduces to u(z) = z'/2(1 — z).) We then define the right-hand side f by
substituting the above v and a into the differential operator,

f(x) = _81?(“(15) @Cu(x)),

and set the boundary data
go = u(0), gr. = u(L).

With these inputs (a, f, go, g1.), the finite element code produces a numerical approximation
up, to u. Since the exact solution is known, we can directly evaluate and plot the error uj, — u.

e Code

% Compare uniform vs non-uniform grid for a solution singular at x=0
% 1D FEM: -(a(x) w’ (x))’ = £(x), u(0)=g0, u(L)=gL
% P1 FEM + 2-pt Gauss quadrature

clear; close all; clc;

%% parameters
L =1.0;
N = 20;

% grids
x_uni = linspace(0,L,N+1)°’;
p =4.0;
x_non = ((0:N)’/N)."p * L;

%% symbolic: define a(x), exact u(x) (singular at 0), and f(x)=-(a u’)’
syms xs real

a_sym = 1 + sym(1)/2*sin(2*pi*xs) ;

alpha = sym(2)/4; % <-- singular slope: u’(x) ~ x"(alpha-1) blows up
u_sym = xs”alpha*(1l - xs); % u(0)=u(1)=0

f_sym = -diff(a_sym*diff (u_sym,xs), xs);

a = matlabFunction(a_sym, ’Vars’, xs);
f = matlabFunction(f_sym, ’Vars’, xs);
u_exact = matlabFunction(u_sym, ’Vars’, xs);

g0 = u_exact(0);
gl = u_exact(L);

%% solve on both grids
[U_uni, err_unil femld(x_uni,a,f,g0,gl,u_exact);
[U_non, err_nonl] femld(x_non,a,f,g0,glL,u_exact);

%% ---- plot solutions ----

figure;

plot(x_uni, U_uni, ’0-’); hold on;
plot(x_non, U_non, ’0-’);

xx = linspace(0,L,1000);

plot(xx, u_exact(xx), ’k-’,’LineWidth’,1.5);
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legend(’u_h (uniform)’,’u_h (non-uniform)’,’u exact’,’Location’,’best’);
xlabel(’x’); ylabel(’u’);
title(sprintf (’Singular solution u(x)=x"{)s}(1-x)’, char(alpha)));

%% —---- plot errors ——--

figure;

plot(x_uni, err_uni, ’o0-’); hold on;

plot(x_non, err_non, ’o-’);

legend(’error (uniform)’,’error (non-uniform)’,’Location’,’best’);
xlabel(’x’); ylabel(Pu_h - u’);

title(sprintf (’Error comparison (p=%.1f grading)’,p));

fprintf (’max nodal error (uniform) = %.3e\n’, max(abs(err_uni)));
fprintf (’max nodal error (nonuniform) %.3e\n’, max(abs(err_non)));

%o
function [U, err] = femld(x,a,f,g0,gl,u_exact)

N = numel(x)-1;

gp = [-1/sqrt(3), 1/sqrt(3)];
gw = [1, 1]1;

K = sparse(N+1,N+1);
F = zeros(N+1,1);

for ell = 1:N
xL = x(ell); xR = x(ell+1); h = xR - xL;
nodes = [ell, ell+l];

dphi = [-1/h; 1/h];
Ke = zeros(2,2);
Fe = zeros(2,1);

for q = 1:2
xi = gp(q); w = gw(q);
xq = 0.5%(xL+xR) + 0.5*xh*xi;
J = 0.5%h;

phi = [(1-xi)/2; (1+xi)/2];

Ke = Ke + w * ( a(xq) * (dphixdphi.’) ) * J;
Fe = Fe + w x ( £(xq) * phi ) * J;

end

K(nodes,nodes) = K(nodes,nodes) + Ke;
F(nodes) F(nodes) + Fe;

end

U = zeros(N+1,1);
U(1) = g0; U(end)

gL;

I =2:N; b

= N+1];
U(I) = K(I,D

(1,
\ ( F(I) - K(I,b)*U(b) );
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ue = u_exact(x);
err = U - ue;
end
e Results
04 Singular solution u(x)=x1’2(1-x) 0.005 Error comparison (p=4.0 grading)
e oo
0.35F g
0 o066
/Z I - oo/~
03 7 |
|
1 -0.005 f}
0.25 / |
/)
// “
2+ 0.01 |
s 0 ") 0.0 |
015 f/ |
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Error analysis of the finite element method. In this part, we analyze the error of the
finite element method (12), namely: find u; € V such that

L L
/ a(z) uy (z) vy (z) dz = / f(x)vp(z)dx Yo, € Vop. (15)
0 0
Recall that V}, denotes the space of all continuous piecewise linear functions on the given
mesh. We have also introduced

Vo :={vn € Vi, © v,(0) = vp(L) = 0},

and
Vo :=A{vn € Vi © vp(0) = go, vn(L) = g1},
where Vj, is a subspace of V3, while V5, is an affine space.
Let us compare this with the weak formulation of the original problem: find u € V, such
that

/0 a(z)u (z)v'(z) de :/0 f@)v(z)dxe  Yv eV, (16)

where
Vo :={v : v(0) =v(L) =0}, Vyi=A{v : v(0) = go, v(L) =g}

The functions in V; and V require sufficient regularity, which is formally described us-
ing Sobolev spaces. Let us not worry about the precise definitions here; intuitively, the
requirement is simply that the functions and their first derivatives are square-integrable
(L2-integrable).
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Since Vp;, C Vo, we may take v = vy, in (16) for any vy, € V. Therefore,

/0 a(z)u'(x) vy () de = /0 f@)vp(x)de Yo, € Vop.

Comparing this identity with the discrete formulation (15), we obtain

/0 a(z) (u—up)' (x)v,(x)de =0 Yo, € V.

Let e := u — u;, denote the error. Then the above identity can be written as

L
/ a(z)e'(x)vy(x)de =0 Vo, € Vop.
0

This property is called Galerkin orthogonality. It states that the error is orthogonal to
the finite element space Vj; with respect to the bilinear form

a(w,v) ::/0 a(z)w'(x)v'(x) dz.

Galerkin orthogonality is the key starting point for the error analysis. It implies that the
finite element solution uy is the best approximation to the exact solution w inside the space
Vy,n With respect to the norm

L
ol = [ a(e) (@)
0
In fact, we have the following fundamental estimate:
Lemma 2.1 (Best approximation property). For any vy, € V,,
Ju = uplla < llu—wvnlla-

Proof. Let e := u — uy. Since up, v, € Vi, their difference v, — uy, belongs to Vp .
Therefore, by Galerkin orthogonality,

ale, vy, —up) = 0.

Now write

U— vy = (U—uh)—(vh—uh):6—(vh—uh).
Taking the energy inner product with e, we obtain

ale, u—wvy) = ale,e) —ale, vy, —uy) = ale, e).
Hence,

lells = ale, w—va) < llefla 1w = valla,
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where we used the Cauchy—Schwarz inequality for the bilinear form a(-,-). Dividing by |le||,
(provided e # 0) gives
[ = unlla < [lu = vnlla

O

This result shows that the finite element solution wuy, is the best approzimation to u in
the finite element space V, ; with respect to the energy norm.

Therefore, the error of the finite element method is controlled entirely by how well the
exact solution u can be approximated by piecewise linear functions. In other words,

lu—uplla < inf Jlu— vl
vhEVg n

However, the norm || - ||, is problem-dependent since it involves the coefficient a(x). We
would like to measure the error in a more problem-independent norm. To this end, we
introduce the norm on V:

foll o= [ (ulo) + o)) de

This is called H! norm or energy norm, and is a widely used norm for measuring the error
of finite element method.
To relate || - ||, to || - ||y, we assume the coefficient satisfies the uniform bounds

0<ap<a(x)<a;  foralazel0L]

Then for any u € V,

L L
Jull2 = [ a(o) W@ ds < a1 [ @) do < anulf
0

0

That is, the bilinear form is bounded with respect to || - ||y
On the other hand, a lower bound of the form

llulla > C |lullv VueV

cannot hold in general, because a(u,u) only involves u’' and vanishes for constant functions.
Instead, the required lower bound holds on the subspace V; of functions satisfying 0 boundary
conditions. Indeed, for any u € Vj we use the Poincaré inequality

L L
/0 ()P de < C3 / ()2 d,

and therefore
L L L
|ul|? = / ul? dx +/ |u/|? do < (C% + 1)/ [u'|? da.
0 0 0

Combining this with the uniform positivity a(z) > ag yields, for all u € Vg,

L L
2 12 12 Qo 2
HuHa /O a(x) ‘u ‘ T =z ao/o ‘u ’ T =z Cj% +1 HUHV
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In particular, the error e := u — uy, satisfies e(0) = e(L) = 0, hence e € V;, and the above
bound applies to e.
With these continuity and coercivity bounds, we obtain Céa’s lemma.

Lemma 2.2 (Céa’s lemma). Assume 0 < ag < a(z) < ay on [0,L]. Let u and uy, solve (16)
and (15). Then

a1 .
U —u <.,/ —0+C% inf |[[lu—wv
o=l < [20+CB)inf =l

where Cp is the Poincaré constant on (0, L).

Proof. Let e = u — uy,. Since e(0) = e(L) = 0, the Poincaré inequality gives
lells < (1 + CE)le']IZ--

Using a(z) > ao,

1+C3%
ao

1
le'|IZ- < a—0||€||37 = lellv < lella-

By Galerkin orthogonality,

lefle < infflu —vplla,
’UhEVgJL

and since a(z) < aq,
[ = vnlla < Varllu = vnllv.

Combining the inequalities yields the result. O

Remark 2.2 (Best approximation and interpolation). Céa’s lemma shows that the finite
element error is controlled by the best approximation error in Vg p,:

inf — .
pnf = nllv

To control the above term, we introduce a suitable interpolation operator Iy, such that Iyu €
Vg If the exact solution u is sufficiently smooth, one can prove

Hu — IhuHV S Ch,
where C' depends on the reqularity of u but is independent of the mesh size h. Consequently,

inf |ju— vy < ||lu— Thully < Ch.
v €V n
Combining the above estimate with Céa’s lemma yields the first-order convergence of the
finite element method in the || - ||y norm.
In one of the exercises, you will construct such an interpolation operator and establish
this estimate.
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Remark 2.3 (Stability and consistency). Recall the convergence proofs for the Euler method
and the finite difference method. In both cases, convergence required two ingredients.

First, the scheme must be locally accurate: the local truncation error must be small. This
is the consistency of the scheme.

Second, the scheme must satisfy a global stability property. For the Euler method, this
means controlling the recursive error relation. For the finite difference method, this required
a discrete Poincaré-type inequality to control the discrete solution by its difference sequence.

The same philosophy applies to the finite element method.

Céa’s lemma provides the stability mechanism: the finite element error is bounded by the
best approximation error, with a constant independent of h but depend on the stability of the
scheme, especially the constant Cg,.

The interpolation estimate

|lu — Ihully < Ch

provides the consistency mechanism: it quantifies how well the discrete space approrimates
the exact solution. In this sense, the interpolation error plays a role analogous to the local
truncation error in finite difference methods.

2.2 Finite element method in 2D

In the previous section, we investigated the finite element method in 1D. Now, we shall use
the same idea to devise a finite element method in 2D. Consider a rectangular domain:

Q0 =1[0,L,] x [0, L,].

The transition from 1D to 2D introduces additional geometric complexity. However, the
other steps remain unchanged.

The model problem and weak formulation. Let us consider again the second-order
elliptic equation:
{—v ~(@Vu) = f inQ, )

u=gqg on 0,

where u(x) is the solution we aim to obtain, a = a(x) is a given coefficient function (repre-
senting a physical property such as thermal conductivity or permeability), f(x) is the source
term, and g(x) represents the boundary data. To ensure that the problem has a unique
solution, we assume that a(x) is strictly positive and bounded, i.e., 0 < apin < a(X) < Amax
for all x € 2.

The procedure for deriving the weak formulation follows the same logic as in the one-
dimensional case. The corresponding action (or energy) functional is

Afu) = %/Qa(x)|Vu|2dx—/qudx.

Taking the first variation of A(u) and setting it to zero gives the weak formulation.
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Alternatively, the weak form can be obtained more directly. We multiply the strong form
(namely equation (17)) by a test function v where v = 0 on 012, and integrate over the
domain €2. Applying integration by parts, we obtain

/QaVu-Vvdx:/vadx. (18)

For notational convenience, we define the bilinear form:
a(u,v) = / aVu - Vudx.
Q

Then, the weak formulation can be written as follows: find u satisfying © = g on 02, such
that

a(u,v) = / fudx for all v satisfying v = 0 on 0.
Q

Triangulation of the domain. In one dimension, a mesh is simply a collection of inter-
vals. In two dimensions, the domain 2 is partitioned into a set of triangles. We denote this
collection by

Th = {K},

where each K is a triangle and h denotes the mesh size, defined as the diameter of the largest
triangle in the mesh. Such a partition is called a triangulation of the domain Q.
A triangulation typically satisfies the following properties:

1. The triangles cover the entire domain:

Here the overline denotes the closure of a set.

2. We require the mesh to be conforming. Namely, for any K, Ky € T, with K| # Ko,
their intersection is either empty, a shared vertex, or a shared edge:

KiNKy,=10, avertex, oracommon edge.

Conforming Non-conforming
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Finite element space and basis function. With the mesh or triangulation set up, we
now define the corresponding (linear) finite element space. Let Tp, be a triangulation of the
domain 2. We define

Vi, = {vp, : vy is continuous on §, vy|x € P1(K) for every K € T} (19)
Here P;(K) denotes the space of linear polynomials on the triangle K,
Pi(K) ={p(z,y) =a+br+cy}.

Thus functions in V}, are piecewise linear: they are linear on each triangle, but may have
different coefficients on different triangles. The continuity requirement ensures that the
function does not jump across element edges.

Just as in the one-dimensional case, a function v, € V}, is uniquely determined by its
values at the vertices (nodes) of the triangulation. To make this more concrete, we introduce
the tent basis (also called nodal basis) for V.

For each interior node P;, we define a basis function ¢;(x) € V}, satisfying the property

¢i(P;) = ;.
On any triangle K that has P; as one of its vertices, ¢; is the unique linear function that

takes the value 1 at P; and 0 at the other two vertices of K. On all other triangles that do
not contain P;, the function ¢; is identically zero.

B

(a) Triangulation of 2. (b) Tent basis function ¢;.

Now, for any function u, € Vj, we can express it as a linear combination of the nodal
(tent) basis functions:

up(x) = Zuz‘¢z‘(x)7

where N is the total number of nodes in the triangulation and ¢; is the tent function asso-
ciated with the node P;. Evaluating this expression at the node P; gives

N N
up(F;) = Z“j¢j(1Di) = Z%‘@j = Uj.
J=1 Jj=1
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Therefore, the coefficient u; is exactly the value of the function at the node P;, that is,
w; = up(F;).

Remark 2.4. Fach basis function ¢; is supported only on the triangles that share the node
P;. This local support of the basis functions is one of the key reasons why the stiffness
matrix in the finite element method is sparse.

2.2.1 Assembly and the sparse linear system

We now derive the algebraic system corresponding to the finite element approximation. To
incorporate the boundary condition, we introduce the spaces

Vio = {vn € Vi, : vp(FPx) = 0 for every boundary node Py},
Vig ={vn € Vi : vp(Py) = g(B) for every boundary node P}

Here a boundary node means a node of the triangulation lying on 0f).
The finite element method is then: find w;, € V} 4, such that

a(up,vp) = / fop dx for all v, € V. (20)
Q

Recall that we have shown
uj = up(F).

Therefore, for every boundary node Py, the coefficient uy, is already prescribed by the bound-
ary data:
up = g(Fr).

Only the coefficients associated with interior nodes remain unknown.

To determine these unknown coefficients, we test the equation against the basis functions
associated with interior nodes. If P; is an interior node, then ¢; € V}, o, so taking v, = ¢;
gives

a(un, ¢i) = / J¢idx.
Q
Substituting the expansion of u,, we obtain

N
Zuj a(pj, i) = / fo; dx, P; an interior node.
=1 @

Let us define the matrix entries
Ay i=a(6y.6) = [ aVe; Vordx,
Q

and the load vector entries

Fi:/ﬂf@dx.
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Hence we obtain
N
E Ajju; = F, P, an interior node.
Jj=1

Recall that the coefficients corresponding to boundary nodes are already known, since
up = g(Py) for every boundary node P.

Therefore we separate the sum into contributions from interior nodes and boundary nodes:
D Ay > Awg(P) = F,
jEI keB

where I denotes the index set of interior nodes and B the index set of boundary nodes.
Moving the known boundary contribution to the right-hand side gives

Z Aijuy = Fi — ZAikg<Pk>, Viel.
jeI keB

Thus we obtain a linear system for the unknown coefficients associated with interior

nodes:
ArUr = Fr — A1 g9gs,

where

e A;; is the submatrix of A consisting of rows and columns corresponding to interior
nodes,

e A; p consists of rows corresponding to interior nodes and columns corresponding to
boundary nodes,

e g5 = (9(Pr))ken denotes the vector of prescribed boundary values.

Once the coefficients u; for interior nodes are determined, the finite element solution is
reconstructed as

N
un(x) = ug(x),
j=1
where the coefficients corresponding to boundary nodes satisfy u, = g(FPy).

Example. Toillustrate the key ideas, let us consider a simple example in which the domain
is partitioned into a uniform mesh consisting of 8 triangles.

P; Py Py

B={1,2,3,4,6,7,8,9}
= {5}

ot

Py P

P Py Py
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Research project: finite element method on square and
L-shaped domains

In this project you will implement a two-dimensional finite element method (FEM) for the
Laplace equation

—Au=0 in €2, u=gq on 0f).

Such equations arise, for example, in steady-state heat conduction, where u(x) represents
the temperature distribution inside a material whose boundary temperature is prescribed by
the boundary data g.

You will solve this problem on two different domains:

0 = (—1,1)? (square domain)

Qy = (—1,1)2\ [0,1] x [~1,0] (L-shaped domain)

Project tasks:

1. Finite element implementation.
Implement a piecewise-linear finite element method for the Laplace equation. Your
program should

e generate a triangulation of the domain,

e assemble the stiffness matrix
AR
Q

e impose Dirichlet boundary conditions,
e solve the resulting linear system,

e visualize the mesh and the numerical solution.

You may use MATLAB, Python, or another programming language. You may also use
AT tools to assist you, but you must understand your implementation and be able to
explain the main steps.

2. Convergence study.
Choose an exact harmonic solution v and impose the corresponding boundary data

g= U|aQ-

Compute numerical solutions on a sequence of refined meshes and measure the error
between the numerical solution u;, and the exact solution.
Possible error measures include

e nodal maximum error: max | [u(P;) — up(P;)|
o L% error: ([, (u(z) — uh(x))zdac)l/2

Plot the error as a function of the mesh size h and estimate the convergence rate.
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Hints. On the square domain, you may test a smooth harmonic function, for example
u(z,y) = sin(mx) sinh(7y).

On the L-shaped domain, a commonly used singular harmonic solution is

u(r,0) = r¥? sin(é—e) ,

which reflects the reduced regularity near the re-entrant corner of the domain.

3. Domain comparison.
Repeat the convergence experiment on both domains:

e the square domain,

e the L-shaped domain.

Compare the observed convergence rates and explain the differences.

Deliverables
You will submit the following individually:

e a written report describing your numerical method, implementation, and numerical
experiments,
e a 10-12 minute presentation summarizing your findings.

You may use any tools you find helpful (including AI), but you must understand and be
able to explain your work. Questions will be asked during your presentation.

Grading rubric. Each project will be graded using the same criteria:
e Numerical method (2 points) Understanding and formulation of the numerical method(s)
used in the project.

e Implementation (2 points) Correctness, clarity, and organization of the computa-
tional implementation.

e Numerical experiments (2 points) Quality of experiments, figures/tables, and anal-
ysis of numerical results.

e Report quality (2 points) Clarity of writing, logical organization, and explanation of
the work.

e Presentation (2 points) Clear oral presentation and ability to answer questions.
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